Testing nonlocality of single-photon entanglement without a shared reference frame 



Jonatan Bohr Brask, 1 Rafael Chaves, 2 and Nicolas Brunner 3 ' 4 

1 ICFO-Institut de Ciencies Fotoniques, Av. Carl Friedrich Gauss, 3, 08860 Castelldefels (Barcelona), Spain 
2 Institute for Physics, University of Freiburg, Rheinstrasse 10, D-79104 Freiburg, Germany 

3 Departement de Physique Theorique, Universite de Geneve, 1211 Geneve, Switzerland 
4 H.H. Wills Physics Laboratory, University of Bristol, Bristol, BS8 1TL, United Kingdom 

(Dated: December 11, 2012) 

The fact that a single photon can be in a superposition of several spatial modes leads to the 
concept of single-photon entanglement, which has been much debated in the past. Here we discuss a 
simple scheme for revealing the nonlocality (hence also the entanglement) of a single-photon, which 
is analogous to the usual case of multiparticle entanglement. The most attractive feature of our 
scheme is that it does not require that the separated observers share a common reference frame. 
Specifically, Bell inequality violation can be obtained with certainty with unaligned devices, even 
if the relative frame fluctuates between each experimental run of the Bell test. These ideas are 
relevant from an experimental viewpoint and may significantly simplify the realization of quantum 
communication protocols based on single-photon entanglement. 



Entanglement is now recognized as a central feature 
of quantum mechanics, and plays a prominent role in 
quantum information processing pQ. Usually considered 
as a property of a systems composed of multiple quan- 
tum particles, entanglement also appears in a conceptu- 
ally different form that involves only a single quantum 
particle. This is single-particle entanglement, formally 
represented by a state of the form 

|V>>ab = ^(|0>a|1>b + |1>a|0)b) (i) 

where \j)a,b designates a state of j particles in mode A, 
B respectively. Such a state can be obtained for instance 
by splitting a single-photon on a balanced beam-splitter, 
with A, B denoting the outputs of the beam-splitter. In 
the past, there has been much debate as to whether the 
state is entangled or not. Although this debate seems 
now to be largely settled - see for instance van Enk's dis- 
cussion on the subject [2 - single-photon entanglement 
still attracts much attention [3[ H] , in particular for ap- 
plications in quantum communications [5]. 

Here we present a simple scheme for revealing the Bell 
nonlocality of single-photon entanglement, building upon 
recent work [6]. Since Bell inequality violation can only 
be achieved in quantum mechanics using entanglement, 
this demonstrates in the strongest possible sense that 
state ([!]) is indeed entangled. Furthermore, our scheme 
reveals the nonlocality (hence entanglement) of es- 
sentially without introducing any additional particles. In 
this sense, our scheme is conceptually different from that 
of Ref. [2], in which single-photon entanglement is first 
mapped onto entanglement between two atoms, on which 
the Bell inequality is then finally tested. Specifically, the 
local measurements in our scheme are performed by com- 
bining optical displacements and single-photon detection, 
and a Bell inequality can be violated even with infinitesi- 
mal displacements, meaning that much less than a single 
additional particle is introduced on average. We show 



that there is a simple analogy between our scheme and a 
standard optical Bell test where the entanglement is car- 
ried by several photons (e.g. entangled in polarization). 

In Bell tests, it is usually necessary for the parties to 
communicate before the test in order to establish a shared 
reference frame. In our case, the local measurements are 
determined by two distinct quantities, namely the inten- 
sity of the optical beam used for displacements, and its 
phase. On the one hand, the intensity of the beam, which 
relates to the mean number of photons, is an absolute 
quantity which can be characterized locally, without any 
exchange of information between the remote parties. On 
the other hand, the phase of the beam is indeed a relative 
quantity which must be synchronized if the parties are to 
know the relation between their settings. 

Here we will see that it is in fact not necessary for the 
distant parties to share a common reference frame for 
testing the nonlocality of single photon entanglement. 
More precisely, we will show that in our scheme, Bell 
inequality violation can be guaranteed even though the 
relative phase between the measurement settings is un- 
known. Moreover, it turns out that even when the rela- 
tive phase between the settings fluctuates from run to run 
during the experiment, Bell inequality violation can be 
obtained with certainty, provided that the phase follows 
a Gaussian distribution which is not completely uniform. 
This robustness makes our scheme appealing both from 
a fundamental and applied point of view. 

Conceptually, our work shows that the nonlocality of 
single-photon entanglement is in fact far more generic 
and robust than previously thought. Note that this fits in 
a series of recent works [7HS] , exploring the robustness of 
quantum nonlocality without a common reference frame. 
The practical relevance of such schemes has been exper- 
imentally demonstrated [8j[T0]. Another approach based 
on decoherence-free subspaces [TTJ[T2] was also explored, 
although it is experimentally much more challenging [13] . 

Beyond the fundamental interest, our work is also rele- 
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vant for applications. As mentioned above, single-photon 
entanglement is central in quantum information proto- 
cols, e.g. quantum repeaters [14 . However, witnessing 
and characterising it in practice is challenging. This is 
partly due to the complexity of aligning a common ref- 
erence frame, a central issue for experimental quantum 
communications which is often overlooked in theoretical 
works. Our results show how single-photon entanglement 
can be tested in a device-independent way, that is with- 
out placing assumptions on the functioning of the de- 
vices used in the protocol, and without a common frame. 
Hence we believe it opens interesting perspectives for ap- 
plications based on single-photon entanglement. 

Scheme - We consider a single photon split between 
TV spatial modes, i.e. in the state 
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]0,0,.. .,!> + . .. + |1,0,...,0». (2) 



Such states have been produced experimentally using 
a heralded single photon source based on spontaneous 
down conversion and beam-splitters [T5] , Note that for 
two observers Q reduces to the state (Jit. 

For testing the nonlocality of state pL we use the 
Bell inequalities introduced by Werner- Wolf- Weinfurter- 
Zukowski-Brukner (W 3 ZB) [16]. These inequalities ap- 
ply to a scenario involving N observers, each having the 

choice between two possible dichotomic measurements, 

(i) (i) 

denoted Mq , M± J for party j. For this scenario, all rel- 
evant full-correlation (i.e. featuring only TV-party correla- 
tion terms) Bell inequalities can be compactly expressed 
in a single (nonlinear) inequality 



< i, 



(3) 



where |(r) = 2"^ ^ s (-l) r - s ^(s), with r and s be- 
ing vectors in {0,1}^ and £(s) = £(si, • • • , Sjv) = 
(Msl^ • • • Ms^) the corresponding full-correlation func- 
tion. Note that in the simplest case of two parties, the 
above inequality is equivalent to the well known Clauser- 
Horne-Shimony-Holt (CHSH) inequality [17]. 

For the measurements, we will consider the scheme 
suggested in Ref. [18 , namely an optical displacement 
followed by (non-number-resolving) single-photon detec- 
tion. In Ref. [6 it was shown that ^ can violate W 3 ZB 
using this kind of measurements for any N > 2. Assign- 
ing +1/— 1 to the no-click and click events respectively, 
the measurement operator is given by Mjj = 2\a)(a\ — 1, 
where \a) is a coherent state. Physically, the displace- 
ments are implemented by mixing the signal with a co- 
herent state from a local oscillator on a beam splitter with 
high transmission. Different measurement settings corre- 
spond to different choices for the amplitude and phase of 
the local oscillator, which determine the amplitude and 
phase of a = re %Lp . Restricting to the 0, 1-photon sub- 



space, the operator can be put on matrix form 
( 2e~ r2 - 1 2e~ r2 -^r \ 



M D (r, ( 



2e -r +iip r 2e -r r 2 _ -l 



(4) 



It is instructive to compare the above operator with a 
standard projective qubit measurement, of the form 



M P (0, 
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One can readily see that these two measurements are 
equivalent up to second order in #, by replacing r — » 0/2. 
In particular, displacement measurements can faithfully 
mimic projective qubit measurements close to the z axis 
of the Bloch sphere [19] . Hence our scheme can be viewed 
as the equivalent of the usual TV-particle (N qubits) Bell 
test, for single-photon entanglement. We believe this fur- 
ther clarifies that there is no fundamental difference be- 
tween single particle and multi-particle entanglement. 

It is interesting to compare what is required to estab- 
lish a common reference frame in our scheme with what 
is required in a usual Bell test based on multi-particle 
entanglement. In the latter, the alignment of projective 
qubit measurements amounts to alignment of two angles 
(azimuthal and polar on the Bloch sphere), which re- 
quires exchange of information between the parties. For 
optical displacements the situation is different, since the 
phase and amplitude of the local oscillator play different 
roles. Indeed the amplitude of the optical beam is an 
absolute quantity which can be characterized locally by 
each observer and does not require any exchange of in- 
formation between the parties. On the other hand, the 
phase of each local beam must be aligned with respect to 
some shared reference phase, which provides a common 
clock between the parties. This can be done for instance 
by distributing a shared (intense) reference oscillator, al- 
though it is not trivial in experiment. As we show below, 
this alignment of the local oscillator can in fact be dis- 
pensed with, at the cost of slightly increasing the number 
of measurements performed by the parties. 

Guaranteed Bell violation without a shared frame — For 
the sake of clarity, we start by discussing the case of two 
parties who employ a simple measurement strategy. The 
amplitudes of their measurement settings are given by 
and r for both parties. Hence the measurement op- 



erators of party k are given by Mq 



(*0 _ 



Mj 



(k) 



Md (0,0) and 



M]j(r,Lpk). Note that for r = the measure- 



ments correspond to single-photon detection and the lo- 
cal oscillator phase is irrelevant. The correlators are then 
given by 

£(0,0) = -1, 

£(0,l)=£(l,0) = -e-'' 2 (l-r 2 ), (6) 
£(1, 1) = 1 - 2e~ r \l + r 2 ) + 4 e - 2r V(l + cos(0)). 
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FIG. 1. W 3 ZB value as a function of the center point of the 
distribution of the relative phase, for distributions of different 
width and r = 0.1. The top curve corresponds to a static 
relative phase. Recall that the local bound is 1. The inset 
shows the phase distributions correponding to the three lowest 
curves of the main plot, taking = 0. 



Note that the first three correlators are phase indepen- 
dent, and the last correlator depends only on the relative 
phase (j) = (fi — (f>2- Any phase acquired in transmission 
from the source to the parties can also be absorbed in <j). 

If the local oscillators have not been synchronized, the 
local phases will be independent. Let us first consider the 
situation in which the relative phase (j) is uniformly dis- 
tributed on the interval [0,27r], but assumed to be fixed 
for the whole duration of the experiment, i.e. it does 
not fluctuate from one run of the experiment to another. 
From the above, and for r <C 1, we have 



1 + r 2 (| cos + cos ( 



(7) 



Hence, whenever (/>£] — 7r/2,7r/2[we have a Bell inequal- 
ity violation S > 1, for any value of r > (see the blue 
curve m Fig. [I). We can ensure violation by introducing 
one additional setting for (say) the first party, measuring 
an observable with a shifted phase M\' = M£>(r, tpi + 7r) 
and then discarding either the runs where the first party 
employed M\ or the runs with M\' (note that this is not 
postselection, since the restriction is on the settings not 
on the outcomes). That is, for a static, unknown relative 
phase, nonlocality is detected with certainty, using just 3 
and 2 settings for the first and second party respectively. 

Next, let us move to the case in which the relative 
phase fluctuates from run to run. We consider a Gaus- 
sian distribution of the phase with center (which may 
again be unknown) and width S. Since phases differing 
by an integer multiple of 2tt are equivalent, the Gaussian 
must be wrapped onto the interval [0, 2ir]. The resulting 
distribution is ^r^(^^;e -5 / 2 ), where $ is the Jacobi 
theta function. A static relative phase corresponds to 
(5 = while a completely flat distribution is obtained for 
S — » oo. Now, for a fluctuating phase the experimenters 
do not have access to the correlators ([6| but only to their 
averages over the phase distribution. To compute the av- 
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FIG. 2. Maximal W 3 ZB- value S m ax (solid) and critical effi- 
ciency fj (dashed) vs. phase distribution width for n — 2,4, 
and 9 (bottom to top for solid and top to bottom for dashed 
curves, for small 5). 



erage of £(1, 1), we use the fact that 
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For sufficiently small r, we then find that 

5 = 1 + e~ 52/2 r 2 (\ cos 4>\ + cos <j>). 



(8) 



(9) 



From this expression we see that for any level of fluctua- 
tions (5 < oo) the W 3 ZB inequality is violated provided 
that (f> e] — 7r/2,7r/2[ (see Fig. [I]). As above, by adding 
one more measurement settings for the first party, we get 
Bell inequality violation with certainty, without any need 
for alignment, and even for arbitrary run-to-run fluctu- 
ations in the relative phase. These results demonstrate 
a striking robustness of the nonlocality of single photon 
entanglement. 

Practical perspective and more parties — The robust- 
ness of the nonlocal correlations of single photon entan- 
glement is certainly of interest beyond a purely concep- 
tual point of view. However, from this perspectives it 
would be desirable to obtain higher Bell inequality vio- 
lations compared to the above results, and to investigate 
the robustness of the violation to loss. 

Higher violations are indeed possible, by allowing all 
measurements to have non-zero intensity (i.e. r > 0). It 
turns out that it is always optimal for all parties to use 
the same amplitude settings, so we do not need to allow 
for different settings for each party. We thus compute S 
for different numbers of parties, each party k using mea- 
surements Mq^ = Mr>(rk,(pk) an d = Md(^,^). 
The resulting expression depends on TV — 1 relative phases 
4>k- Assuming these relative phases to follow Gaussian 
distributions as above, with identical widths S and cen- 
ters fa, we can find the maximal Bell inequality viola- 
tion for both static and fluctuating phases. The results 
are summarised in Fig. [2] where the maximal violation is 
plotted against 5. Static phases correspond to S = 0. We 
note that for N = 2, the maximal violation is S ~ 1.34. 
If the phase distribution is not too broad, the maximal 
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FIG. 3. Distribution of the W 3 ZB-value for S = 0.5 and 
rf — 0.95, assuming a completely unknown distribution center 
point, using 1,2, and 3 local phase settings (bottom to top). 
The bin size is 0.01. A dotted line marks the local bound, 
and the probabilities of violation are also indicated. 



violation increases with increasing party number, while 
for broad distributions it slightly deteriorates. 

We can also deal with losses, e.g. in transmission or 
due to lossy detectors. Assuming a total efficiency n in 
each mode, up to local phase shifts the state after loss is 
r/|Wiv)(Wiv| + (l — r])\vac)(vac\ : where \vac) is the vacuum 
state. For given N and 5, we can numerically determine 
the threshold efficiency fj below which no W 3 ZB violation 
is possible. The result is plotted in Fig. [2] As seen, for 
narrow phase distributions, increasing N increases the 
maximal violation and improves fj. However, for broader 
distributions fj degrades slightly with N. 

Both Sm ax and fj are only achievable exactly when the 
phase distribution centers are known. However, for 
a given amount of phase fluctuation 5, by introducing 
sufficiently many local settings with different local phase 
shifts, it is always possible to violate for any n > fj even 
when the <fik are unknown. Similarly, when there is no 
loss, it is always possible approach S max arbitrarily close. 
Thus Fig. [2] really does reflect achievable values without 
any alignment of reference frames. In Fig.[3j for two par- 
ties, we plot the distribution of S for different numbers 
of local phase settings for the first party, assuming that 
the distribution center </> is completely unknown, i.e. uni- 
form on [0,27r]. The parties use the amplitude settings 
which maximise the violation for </> = 0. The local phases 
are evenly distributed in [0, 2tt), e.g. for three phase set- 
tings, the first party has six observables, one pair Mo, 
Mi with phase cpi, another with ipi + 27r/3, and a third 
with if 1 +47r/3. One sees that larger violations are more 
likely than smaller ones, and that violation is guaranteed 
by using three local phase settings. 

Conclusions. — We discussed a simple scheme for test- 
ing the nonlocality of single-photon entanglement. Our 
scheme has the attractive feature that Bell inequality vi- 
olation can be obtained with certainty even though the 
parties share no common reference frame. Recently, a 



scheme [8j [9] with the same feature was discussed for 
two-particle entanglement (e.g. two photons entangled 
in polarization). Comparing to this scheme highlights 
the robustness of the present setup. Indeed, contrary to 
the former, the latter can provide Bell violations even in 
the case in which the relative frame varies from one run 
to another of the experiment (We checked numerically 
that the scheme of Refs. [9] is not robust against ar- 
bitrary fluctuations of the relative frame. In particular, 
for 8 > 0.68 no violation is possible). 

From a practical perspective, the robustness of our 
scheme should make it relevant for experimental imple- 
mentations. In principle, Bell violations could be ob- 
tained here even without stabilizing the phase of the local 
oscillator. We believe that these ideas may simplify the 
experimental demonstration of one-photon entanglement 
and nonlocality, as well as quantum information theoretic 
tasks based on such states. 

Finally, we note that the ideas presented here for dis- 
placement based measurements also apply to Bell tests 
and other quantum communication protocols based on 
homodyne measurements. We performed numerical stud- 
ies showing that the schemes of Refs [H [20] can also lead 
to Bell violations with high probability without a com- 
mon reference frame, and we hope the present results will 
motivate further research along these lines. 
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